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We analyze quantum-classical hybrid system composed of two steadily precessing noncollinear
slow classical localized magnetic moments embedded into an open quantum system of fast nonequi-
librium conduction electrons. The electrons reside within a metallic wire connected to macroscopic
reservoirs. The model captures the essence of realistic situations in spintronics involving dynamics
of noncollinear magnetization configurations and textures, such as domain walls, skyrmions and spin
waves. Its simplicity makes it possible to obtain the exact time-dependent nonequilibrium density
matrix of electronic system and split it into four contributions. The Fermi surface contribution gen-
erates dissipative (or damping-like in spintronics terminology) spin torque on the moments, and one
of the two Fermi sea contributions generates geometric torque dominating in the regime where elec-
tron spin is expected to adiabatically follow the instantaneous configuration of magnetic moments.
When the coupling to the reservoirs is reduced, the geometric torque is the only nonzero contribution
which can have both nondissipative (or field-like in spintronics) and dissipative components acting as
the counterparts of geometric magnetism force and geometric friction in nonadiabatic molecular dy-
namics. Such current-independent geometric torque is missing from widely used micromagnetics or
atomistic spin dynamics modeling of magnetization dynamics based on the Landau-Lifshitz-Gilbert
(LLG) equation, and its form cannot be mimicked by simply renormalizing the LLG parameters.
One of the most fruitful applications of geometric (or
Berry) phase [1] concepts is encountered in quantum-
classical hybrid systems where separation of time scales
makes it possible to consider fast quantum degrees of
freedom interacting with the slow classical ones [2, 3].
The amply studied example of this kind are fast electrons
interacting [4, 5] with slow nuclei in molecular dynamics
(MD) [6, 7] where the parameters driving adiabatic evolu-
tion of quantum subsystem, with characteristic frequency
smaller that its level spacing, are nuclear coordinates ele-
vated to the status of dynamical variables. The electronic
system then develops geometric phase in states evolving
out of an instantaneous energy eigenstate, while also ac-
quiring shifts in the energy levels. Conversely, nuclei ex-
perience forces due to back-action from electrons. The
simplest force is the adiabatic Born-Oppenheimer (BO)
force [4, 5] which depends only on the coordinates of the
nuclei, and it is associated with electronic adiabatic po-
tential surfaces [6, 7]. Even small violation of BO approx-
imation leads to additional forces—the first nonadiabatic
correction generates forces linear in the velocity of the
nuclei, and being Lorentz-like they are dubbed [2, 8] “ge-
ometric magnetism.” The “magnetism” is not a not a real
magnetic field, but an emergent geometrical property of
the Hilbert space [9], and akin to the true Lorentz force,
the emergent geometric force is nondissipative.
Additional forces emerge upon making the quantum
system open by coupling it to a thermal bath [8, 10]
(usually modeled as an infinite set of harmonic oscilla-
tors [11]) or to macroscopic reservoirs of particles [12].
In the latter case, one can also introduce chemical po-
tential difference between the reservoirs to drive particle
flux (i.e., current) through the quantum system which is,
thereby, pushed out of equilibrium [12–15, 17]. In both
equilibrium and nonequilibrium cases, the energy spec-
trum of the quantum system is transformed into a contin-
uous one, and geometric friction force [8, 12–17] linear in
the velocity of the nuclei becomes possible. The friction is
forbidden in the original analysis of Berry and Robbins [2]
where the fast quantum system has discrete spectrum.
Also, due to continuous spectrum, adiabaticity criterion
has to be replaced by a different one, such as typical driv-
ing frequency should be smaller than the inverse dwell
time of electrons within the active region [12]. Stochastic
forces also appear, both in equilibrium and in nonequi-
librium, where in the former case [8, 10] they are due
to fluctuations at finite temperature while in the latter
case they include additional contribution from nonequi-
librium noise [12–14]. Finally, specific to nonequilibrium
is the emergence of nonconservative forces [12–14, 17].
The derivation of these forces requires to analyze nonadi-
abatic corrections to the density matrix (DM) [8, 10, 12–
15, 17]—this yields a non-Markovian stochastic Langevin
equation, with nonlocal-in-time kernel describing mem-
ory effects [18], as the most general [14, 17] equation for
nuclei in nonadiabatic MD.
The analogous quantum-classical problem exists in
spintronics, where the fast quantum system are spins
of conduction electron and slow system is comprised of
localized-on-atoms classical spins and associated local-
ized magnetic moments (LMMs) described by unit vec-
tors Mi(t). The dynamics of LMMs is typically described
by the Landau-Lifshitz-Gilbert (LLG) equation [19]
dMi
dt
= −gM×Beffi +λMi×
dMi
dt
+ g
µM
(TDLi +TFLi ). (1)
This includes back-action of conduction electrons in the
form of phenomenological Gilbert damping, whose pa-
rameter λ can be independently calculated [20] by using
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2FIG. 1. (a) Schematic view of a two-terminal system where a
single classical localized magnetic moment, precessing steadily
with frequency ω and cone angle θ, interacts with open quan-
tum system of conduction electron spins. The electrons hop
along 1D infinite tight-binding chain which terminates into
the left and right macroscopic reservoirs kept at the same
chemical potential µ. In panel (c), we consider two localized
magnetic moments, M1 and M2, which precess with the same
frequency but are noncollinear due to θ1 6= θ2. Both (a) and
(c) can be mapped to a time-independent problem in the ro-
tating frame where dc spin and charge currents are driven
between four-terminals biased by voltage ~ω. Panel (d) illus-
trates standard decomposition [Eq. (1)] of STT vector into
FL and DL components, which are plotted in Figs. 2 and 3.
electronic Hamiltonian with spin-orbit coupling and im-
purities, as well as microscopically derived [21, 22] spin-
transfer torque (STT), Ti = TDLi +TFLi . The STT [23]
requires electronic spin current as an input parame-
ter. Semiclassical [21] or quantum transport [22] theory
derivations, which traditionally also invoke phenomeno-
logical spin-flip relaxation time, do include current-
independent nonadiabatic ∝ ∂Mi/∂t back-action contri-
butions to torque Ti, but they are considered to be small
and/or easily absorbable into Eq. (1) by simply renor-
malizing g and λ [21]. Here g is the gyromagnetic ratio;
Beffi = − 1µM ∂H/∂Mi is the effective magnetic field as
the sum of external field, field due to interaction with
other LMMs and magnetic anisotropy field; and µM is
the magnitude of LMM [19].
The STT [23] is phenomenon in which spin angu-
lar momentum of conduction electrons is transferred to
local magnetization not aligned with electronic spin-
polarization. As illustrated in Fig. 1(d), we perform the
usual decomposition [23] of STT vector into: (i) even
under time-reversal or field-like (FL) torque, which af-
fects precession of LMM around Beffi ; and (ii) odd un-
der time-reversal or damping-like (DL) torque, which ei-
ther enhances the Gilbert damping by pushing LMM to-
ward Beffi or competes with Gilbert term as “antidamp-
ing.” For example, negative values of TDL = TDL · eDL
in Figs. 2 and 3, where eDL = (Mi × ∂Mi/∂t)|Mi ×
∂Mi/∂t|−1, means that TDL vector points away from the
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FIG. 2. The FL and DL components [Fig. (1)] of three spin
torques in Eq. (5) exerted by nonequilibrium spin density of
electrons onto a single localized precessing magnetic moment
in the setup of Fig. 1(a) as a function of coupling to the leads.
Black dotted line is the sum of the three torques. In panels
(a) and (c) Jsd = 0.1 eV, which corresponds to nonadiabatic
regime, while in panels (b) and (d) Jsd = 20 eV, which cor-
responds to perfectly adiabatic regime [27], Jsd/~ω  1, for
the chosen frequency of precession ~ω = 0.001 eV.
axis of precession which is antidamping action. Similarly,
TFL = TFL · eFL, where eFL = (∂Mi/∂t)|∂Mi/∂t|−1, is
plotted in Figs. 2 and 3. The STT appears as the coun-
terpart of nonconservative force in nonadiabatic MD, and
Gilbert damping apparently looks like the counterpart
of electronic friction [12–17] but it requires agents [20]
other than electrons alone considered in nonadiabatic
MD. Thus, the geometric torque and damping, as coun-
terparts of geometric magnetism force and geometric fric-
tion [2, 8], are apparently absent from standard modeling
of classical magnetization dynamics.
Geometric torque has been added ad hoc into the
LLG equation applied to specific problems, such as spin
waves within bulk magnetic materials [24–26]. A recent
study [27] of a single classical LMM embedded into a
closed (i.e., finite length one-dimensional wire) electronic
quantum system finds that nonequilibrium electronic
spin density always generates geometric torque, even in
perfectly adiabatic regime where electron-spin/LMM in-
teraction is orders of magnitude larger than the charac-
teristic frequency of LMM dynamics. It acts as a purely
FL torque causing anomalous frequency of precession
that is higher than the Larmor frequency. By retracing
the same steps [12, 13] in the derivation of the stochastic
(Markovian) Langevin equation for electron-nuclei sys-
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FIG. 3. The same information as in Fig. 2 but for spin torque components on two precessing localized magnetic moments M1
and M2 [Fig. 1(c)] as a function of coupling to the leads and for two different values of Jsd. The precession cone angle θ1 = 90◦
and phase φ1 = 0◦ are fixed for M1; and θ2 = 45◦ and φ2 = 90◦ for M2.
tem connected to macroscopic reservoirs, Ref. [28] de-
rived the stochastic LLG equation [29–31] for a single
LMM embedded into an open electronic system out of
equilibrium. The novelty in this derivation is geomet-
ric damping, present even in the absence of traditional
spin-flip relaxation mechanisms [21, 22], while the same
conclusion about geometric torque changing only the pre-
cession frequency of LMM has been reached (in some
regimes, geometric phase can also affect the stochastic
force [32]). However, single LMM is a rather special
case (revisited in Fig. 2), and the most intriguing situa-
tions in spintronics involve dynamics of noncollinear tex-
tures of LMMs. This is exemplified by basic and applied
research on current- or magnetic-field driven dynamics
of domain walls and skyrmions [22, 33–35] where much
richer panoply of back-action effects from fast electronic
system can be expected.
In this Letter, we analyze an exactly solvable model of
two steadily precessing LMMs, M1(t) and M2(t), which
are noncollinear and embedded into a one-dimensional
(1D) infinite wire hosting conduction electrons, as illus-
trated in Fig. 1(c). Thus, the model can be viewed as
a small segment of dynamical noncollinear magnetic tex-
ture or as two noncollinear macrospins of two coupled fer-
romagnetic layers (such as in the experiments on dynamic
exchange coupling [36]). The choice of only two LMMs
and 1D makes it exactly solvable—we compute the exact
time-dependent DM via the nonequilibrium Green func-
tion (NEGF) formalism [37] for the setup in Fig. 1(c) and
analyze different contributions to it in different regimes
of the ratio Jsd/~ω of sd exchange interaction Jsd [21] be-
tween electron spin and LMM and frequency of precession
ω. In both Figs. 1(a) and 1(c), the electronic subsystem is
an open quantum system and, although no bias voltage is
applied between the macroscopic reservoirs, it is pushed
into the nonequilibrium by the dynamics of LMMs. For
example, due to time-dependence of electronic quantum
Hamiltonian generated by M1(t) [Fig. 1(a)] or M1(t) and
M2(t) [Fig. 1(c)], spin current is pumped out of the ac-
tive region into the leads [22, 38, 39]. Pumping of charge
current will also occur if the left-right symmetry of the
device is broken statically [38] or dynamically [40].
The conduction electron are modeled on an infinite
1D tight-binding (TB) clean chain with time-dependent
Hamiltonian in the lab frame given by
Hˆlab(t) = −γ
∑
i
cˆ†i cˆj − Jsd
∑
i
cˆ†i σˆcˆi ·Mi(t). (2)
Here cˆ†i = (cˆ
†
i↑, cˆ
†
i↓) and cˆ
†
iσ (cˆiσ) creates (annihilates) an
electron of spin σ =↑, ↓ at site i. The nearest-neighbor
hopping γ = 1 eV sets the unit of energy. The active re-
gion in Figs. 1(a) or 1(c) consists of one or two sites,
respectively, while the rest of infinite TB chain is taken
into account as the left (L) and the right (R) semi-infinite
leads described by the same Hamiltonian in Eq. (2), but
with Jsd = 0. The hopping between the leads and the
active region is denoted as γc on the abscissa of Figs. 2
and 3. The leads terminate at infinity into the macro-
scopic particle reservoirs with identical chemical poten-
tials µL = µR = EF due to assumed absence of bias
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FIG. 4. The DL component of Tgeoi and Tsurfi spin torques in
Eq. (5), as well as of their sum (black dotted line), on moments
M1 and M2 in Fig. 1(c) as a function of the precession cone
angle θ1 while keeping θ2 = 45◦ fixed. The phase angles are
fixed as φ1 = 0◦ for M1 and φ2 = 90◦ for M2, and γc/γ = 1.
voltage, and EF = 0 is chosen as the Fermi energy.
Instead of solving coupled LLG equations [Eq. (1)]
for M1(t) and M2(t), we impose a solution where both
LMMs precess steadily around the z-axis in the counter-
clockwise direction: Mxi (t) = sin θi cos(ωt+φi); M
y
i (t) =
sin θi sin(ωt + φi); and Mzi (t) = cos θi. Using a unitary
transformation into the rotating frame (RF), the Hamil-
tonian in Eq. (2) becomes time-independent [22, 38]
HˆRF = Uˆ†(t)Hˆlab(t)Uˆ(t)−i~Uˆ† ∂Uˆ
∂t
= Hˆlab(t = 0)−~ω2 σˆz,
(3)
with magnetic moments frozen at t = 0 configura-
tion from the lab frame. The unitary operator is
Uˆ(t) = exp(−iωtσˆz/2). In the RF, the original two-
terminal Landauer setup for quantum transport in
Figs. 1(a) and 1(c) is mapped, due to ~ωσˆz/2 term
in Eq. (3), onto an effective four-terminal Landauer
setup [38] [illustrated for single LMM in Fig. 1(b)]. Each
of its four leads is effectively half-metal ferromagnet
which accepts only one spin species ↑ or ↓, and there is dc
bias voltage ~ω/e between L or R pair of leads [Fig. 1(b)].
In the RF, the presence of the leads and macroscopic
reservoirs can be taken into account exactly using steady-
state NEGFs [37] which depend on time difference t− t′
and energy E upon Fourier transform. Using the re-
tarded Green function (GF), Gˆ(E), which gives den-
sity of states, and the lesser Green function Gˆ<(E),
which specifies how those states are occupied, we find
the exact nonequilibrium DM of electrons in the RF
ρˆRF = 12pii
´
dE Gˆ<(E). Here the two GFs are related
by the Keldysh equation, Gˆ<(E) = Gˆ(E)Σˆ<(E)Gˆ†(E),
where Σˆ<(E) is the lesser self-energy [37] due to semi-
infinite leads and Gˆ(E) = [E − HˆRF − Σˆ(E, ~ω)]−1 with
Σˆ(E, ~ω) =
∑
p=L,R,σ=↑,↓ Σˆσp (E −Qσα~ω) being the sum
of retarded self-energies for each of the four leads p,
σ in RF. We use shorthand notation Q↑p = −1/2 and
Q↓p = +1/2. Since typical frequency of magnetization
dynamics is ~ω  EF , we can expand [41] ρˆRF in small
~ω/EF and then transform it back to the lab frame,
ρˆlab(t) = Uˆ(t)ρˆRFUˆ†(t). This yields four contributions
to ρˆlab(t) = ρˆadt + ρˆgeo(t) + ρˆsea(t) + ρˆsurf(t):
ρˆadt = −
1
pi
Uˆ
+∞ˆ
−∞
dEImGˆ0f(E)Uˆ†, (4a)
ρˆgeo(t) =
1
pi
Uˆ
+∞ˆ
−∞
dEIm
[
Gˆ0
(
i~Uˆ†
∂Uˆ
∂t
)
Gˆ0
]
f(E)Uˆ†,(4b)
ρˆsea(t) = −~ω2pi Uˆ
∑
p
+∞ˆ
−∞
dEIm
[
Gˆ0
(
∂Σˆ↑p
∂E
− ∂Σˆ
↓
p
∂E
)
Gˆ0
]
×f(E)Uˆ†, (4c)
ρˆsurf(t) =
~ω
4pi Uˆ
∑
p
+∞ˆ
−∞
dEGˆ0(Γˆ↑p − Γˆ↓p)Gˆ†0
∂f
∂E
Uˆ†. (4d)
We confirm by numerically exact calculations [33]
that thus obtained ρˆlab(t) is identical to G<(t, t)/i
computed directly in the lab frame. Here
Gˆ0(E) = [E − HˆRF − Σˆ(E, 0)]−1 is obtained from
Gˆ(E) by setting ~ω = 0; Γˆσp (E) = i[Σˆσp (E) − Σˆσp (E)†]
is the level broadening matrix due to coupling to the
leads; and fσp (E) = f(E− [EF +Qσα~ω]) is the the Fermi
function of macroscopic reservoir p, σ in the RF.
The trace 〈sˆi〉(t) = Tr[ρˆlab(t)|i〉〈i|⊗ σˆ] gives total elec-
tronic spin density with four contributions whose time-
dependence is animated in two movies provided as the
Supplemental Material [43]. The contribution 〈sˆi〉adt is
the equilibrium expectation value at an instantaneous
time t which defines ‘adiabatic spin density’ [21, 22, 25–
27]. It is computed using ρˆadt as the grand canonical equi-
librium DM expressed using frozen (adiabatic) retarded
Green function [12, 13, 28], Gˆt(E) = [E − Hˆt − Σˆ]−1,
for instantaneous configuration of Mi(t) while assuming
dMi/dt = 0 [subscript t signifies parametric dependence
on time through slow variation of Mi(t)]. The other
three contributions—from ρˆgeo(t) and ρˆsea(t) governed
by the Fermi sea and ρˆsurf(t) governed by the Fermi sur-
face electronic states—contain first nonadiabatic correc-
tion [12, 13, 28] proportional to velocity dMi/dt, as well
as higher order terms due to ρˆlab(t) being exact. These
three define STT out of equilibrium [21, 33, 41]
Ti = Jsd〈sˆi(t)〉 ×Mi(t) = Tgeoi +Tseai +Tsurfi , (5)
5where each term Tgeoi , Tseai , Tsurfi can be additionally
separated into its own DL and FL components [Eq. (1)],
as plotted in Figs. 2 and 3. Note thatTseai is insignificant
in both Figs. 2 and 3, so we focus on Tgeoi and Tsurfi .
To gain transparent physical interpretation ofTgeoi and
Tsurfi , we first consider the simplest case [27, 28]—a single
M1(t) in setup of Fig. 1(a). The STT contributions as a
function of the coupling γc to the leads (i.e., reservoirs)
are shown in Fig. 2. We use two different values for Jsd,
where large ratio of Jsd = 20 eV and ~ω = 0.001 eV is
perfect adiabatic limit [25–27]. Nevertheless, even in this
limit and for γc → 0 we find Tgeo1 6= 0 in Fig. 1(c) as the
only nonzero and purely FL torque. This is also found in
closed system of Ref. [27] where Tgeo1 was expressed in
terms of the spin Berry curvature. As the quantum sys-
tem becomes opened for γc > 0, Tgeo1 is slightly reduced
while Tsurf1 emerges with small FL [Fig. 2(b)] and large
DL [Fig. 2(d)] components. The DL torque points toward
the z-axis and, therefore, enhances the Gilbert damping.
In the wide-band limit, the self-energy Σˆ(E) = −iΓIˆ2 is
energy-independent, which makes it possible to obtain
analytical expression for Tgeo1 (t) at zero temperature
Tgeo1 (t) =
~ω
2pi
[
pi − 2 tan−1
(
Γ
Jsd
)]
sin θ eφ(t), (6)
where eφ(t) = − sinωt ex + cosωt ey. Thus, in perfect
adiabatic limit, Jsd/~ω →∞, or in closed system, Γ→ 0,
Tgeo1 is independent of microscopic parameters as ex-
pected from its geometric nature [24]. The always present
Tgeoi 6= 0 means that electron spin is never along ‘adia-
batic direction’ 〈sˆi〉adt . This can also be contrasted with
electron-nuclei systems where geometric force sometimes
appears as an artifact of the BO approximation [4, 5].
As we add second M2(t) in Fig. 3, Tgeoi acquires
DL component, even in closed system γc → 0, which
can have both damping [Fig. 3(e),(h)] and antidamping
[Fig. 3(f),(g)] action. Interestingly, Tgeo,FLi + T
sea,FL
i +
Tsurf,FLi ≡ 0 on both LMMs in Fig. 3(a),(b). The
total DL torque in Fig. 3(e)–(h), TDLi = T
geo,DL
i +
Tsurf,DLi , can be viewed as the consequence of time-
retardation effects [34, 42], where in the perturbative
limit of small Jsd and small Γ electrons can be “in-
tegrated out” [21, 29–31] to cast [34] DL torque as
|TDLi (t)| = λ(t)|Mi × ∂Mi/∂t| = ωλi(t) sin θi(t). Thus,
to examine whether such DL torque could be included
into the LLG equation of micromagnetics and atom-
istic spin dynamics [19] by a simple renormalization [21]
of the LLG parameters [Eq. (1)], one needs to con-
firm that λi(t) is time-independent constant. Although
|TDL1 (t)| ∝ sin θ1 is approximately satisfied in Fig. 4(a),
meaning that λ1 ≈ cons., |TDLi (t)| 6∝ sin θ1 in all other
cases in Fig. 4(c)–(d) indicating that effective λi(t) is
time-dependent. This suggests that geometric and Fermi
surface torques, which are current-independent, should
be included by self-consistent coupling of electronic DM
and LLG equation calculations, as proposed in Refs. [33–
35, 42] and in analogy to how electronic friction is in-
cluded in nonadiabatic MD [7, 12–17].
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